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Let k and r be lixed integers such that 1 < r < k. Any positive integer n of 
the form n = anb, where b is r-free, is called a (k, r)-integer. In this paper we 
prove that if Q&X) denotes the number of (k, r)-integers < x, then Qe.,(x) = 
x<(k)/[(r) + d,,,(x), where AL,,(~) = O(xllr exp [--B 1ogW~ (log log x)-““I), B 
being a positive constant depending on r and the O-estimate is uniform in k. 
On the assumption of the Riemann hypothesis, we improve the above order 
estimate of Ax,,(x) and prove that 
1 LV 
- j A,,,(t) dt = O(xllk:w(x)) or o(x~~(4’+~ku(x)), 
x 1 
according as k < (4r + 1)/3 or k > (4r + 1)/3, where O(X) = exp [B log x(log 
log x)-‘I. 
1. INTRODUCTION 
Let k and r be fixed integers such that 1 < r < k. We recall that a 
positive integer is called r-free if it is not divisible by the rth power of 
any prime. Now, any positive integer n has the unique representation 
n = akb, where a and b are positive integers and b is k-free. In case b is 
also r-free, we call n a (k, r)-integer. Since in the limiting case k -+ 03, 
a (co, r)-integer is the same as a r-free integer, one might consider the 
(k, r)-integers as generalized r-free integers. These integers were first 
introduced, though not with this name, by one of the authors and 
V. C. Harris 183 in 1965 in some other connection. Prior to this, the only 
reference that appears in the literature is due to E. Cohen [2, $51, who 
studied some arithmetic functions associated with a class of integers 
which he called “integers of type (b, r), b > 0.” These are by definition, 
integers whose greatest rth power divisor is also a brth power divisor. 
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Excluding “integers of type (1, r),” which turn out to be the set of all 
positive integers, E. Cohen’s “integers of type (b, r)” arise as a special 
case of our (k, r)-integers. In fact, “integers of type (0, r)” are our (co, r)- 
integers or r-free integers, and “integers of type (b, r), b > 2” are our 
(br, r)-integers. 
Let x denote a real variable 21. Let Q,(x) and Qk,(x), respectively, 
denote the number of r-free integers <x and the number of (k, r)-integers 
<x. Let QT’(x) and Q;,?(x), respectively, denote the sum of r-free integers 
<x and the sum of (k, r)-integers <x. Let c(s) denote the Riemann 
< Zeta function defined for s > 1, by c(s) = CL, nMS; and when 0 
it is defined by 
L-(s) = * + s la ([t] - t) t-=l dt. 1 
We define 
s < 1, 
444 = Q&4 - & 7 
dz-&) = Qd4 - +$) 3 
4’(x) = Q:(x) - & 3 
d;,,(x) = Pi&44 - s. 
(1.1) 
0.2) 
(1.3) 
(1.4) 
Actually, the functions on the left of (l.l)-(1.4) are the error terms in 
the asymptotic formulae for the corresponding functions. 
Recently, while investigating the distribution of (k, r)-integers, Yan 
Kwang Feng [13, Chapter II] proved that Qk.,(x) = C,<$; Q&c/n”) and 
deduced that d,,,(x) = 0(x1/+), uniformly in k, by making use of 
L. Gegenbauer’s [4] classical O-estimate, viz., d,(x) = 0(x’/‘). He 
improved his result by making use of C. J. A. Eyelyn and E. H. Linfoot’s [3] 
O-estimate for d,(x), viz., 
d,(x) = 0(x1/’ exp(-b dlog x log log x}), 
where b = ar-3/2, a being a positive constant. His improved result is the 
following: 
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We remark that the O-estimate in (1.5) is not elegant and does not seem 
to be uniform in k. 
In this paper, we improve the O-estimate for d,,(x) and present the 
result in an elegant form. In fact, we prove in Theorem 3.1, the following: 
d,.,(x) = 0(x1/’ exp( --B log3is x(log log x)-~/~}), U-6) 
where B is a positive constant depending on r and the O-estimate is 
uniform in k. 
On the assumption of the Riemann hypothesis, we further improve the 
O-estimate of d,,,(x) in Theorem 3.2 and obtain O-estimates of 
d;,,(x) - xrl,,,(x) and l/x fl o,,,(t) dt in Theorems 3.3 and 3.4. 
2. PREREQUMTE~ 
In this section we prove some lemmas which are needed in our discus- 
sion. 
The following elementary estimates are well known: 
;a f = 0(x1-99 if O,(s<l, (2.1) 
c-&=0(&), if s>l. 
n>X 
We need the following best known estimate concerning the Mobius 
function p(n) obtained by Arnold Walfisz: 
LEMMA 2.1 (cf. [12]; Satz. 3, p. 191). For x 3 3, 
where 
6(x) = exp{ --A logSI x(log log x)-li5}, (2.4) 
A being a positive constant. 
LEMMA 2.2 (cf. [9], Lemma 2.2). For s > 1, 
c 44 -= 
n<= ns 
&y+o($$). (2.5) 
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LEMMA 2.3 (cf. [II], Theorem 14--26(A), p. 316). lf the Riemunn 
hypothesis is true, then for x 3 3, 
where 
M(x) = 1 p(n) = 0(x1’%(x)), (2.6) 
?l<z 
o(x) = exp{A log x(log log x)-l], (2.7) 
A being a positive constant. 
LEMMA 2.4 (cf. [9], Lemma 2.5). If the Riemunn hypothesis is true, 
then for s > 1, 
c An> - = 
ns;z nS 
& + O(x’~+J(x)). (2.8) 
LEMMA 2.5. If rtk)(n) denotes the number of kth power divisors of n, 
then for x > 1, k > 1, 
More precisely, 
zz @b(n) = x<(k) + 0(x1/q. (2.9) 
where 
zz G)(n) = x<(k) + xl/“5 (-$ + O(X”(~)), (2.10) 
2 
& < 44 < L__ 2k+5’ (2.11) 
The formula (2.10) was originally proved by E. Landau [6] with 
v(k) = 1 /(k + 1). The right-side inequality of (2.11) is due to H. E. Richert 
([7], Satz. 1, p. 28) and the left-side inequality is due to E. K&zel ([5], 
Satz. 7, p. 173). 
Remark 2.1. When k becomes infinite, T(~)(R) = 1, so that in this 
case, the right side of (2.9) or (2.10) becomes x + O(1). 
LEMMA 2.6. rf qL,r denotes the characteristic function of the set of 
(k, r)-integers, that is, q&n) = 1 or 0 according as n is or is not a (k, r)- 
integer, then 
qdn) = akbs=, Abh (2.12) 
Proof. We can write n uniquely in the form akd, where d is k-free. 
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It is well-known that CbFCcap(b) = 1 or 0 according as d is or is not 
r-free. Hence by the definition of a (k, r)-integer, (2.12) follows. 
LEMMA 2.7. If Q,.(x), Q,.‘(x), Q,,,(x) and QJx) are as defined in $1, 
then 
QwW = 1 Qr ($) (2.13) 
*&G 
(2.14) 
ProoJ By the definitions of Q&x), Q;,,(x) and Lemma 2.6, (2.13) 
and (2.14) follow easily. 
LEMMA 2.8 (cf. [IO], (1.3)). If the Riemann hypothesis is true and 
d,(x), d,‘(x) are as defined in 01, then 
d,‘(x) - xd,(x) = O(Xl+3/(4r+l)+E), (2.15) 
for every E > 0. 
Remark 2.2. We note that following the same method adopted in [lo], 
one can improve (2.15) to read d,‘(x) - xAT(x) = O(X~+~/(~~+~)W(X)), 
where w(x) is given by (2.7), by making use of (2.6) in place of 
M(x) = O(xllz+q. 
3. MAIN RESULTS 
In this section we prove the following: 
THEOREM 3.1. If dk,Jx) is deBned by (1.2), then for x > 3, 
d,,(x) = O(xljr exp(--B log3j5 x(log log x)-‘/~}), (3-l) 
where B is a positive constant depending on r and the O-estimate is uniform 
in k. 
Proof. We have by Lemma 2.6, 
where the summation on the right being taken over all ordered triads 
(a, b, c) such that akbpc < x. 
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Let z = xllr. Further, let 0 < p = p(x) < 1, where the function p(x) 
will be suitably chosen later. 
Now, if akbTc < x, then both b > pz and akc > p-’ can not simul- 
taneously hold good. Hence we have 
= S, f S, - S, , say. 
Now, by (2.9), (24, and (2. l), 
x5(k) = 5o + 0(5(k) pl-rzqpz)) + O(P1--T’lcz). (3.3) 
We have 
= 0 (xl/r .J$ (akc)F %r d*)), 
. 
by (2.3). Since 6(x) is monotonic decreasing and r l/xlakc 2 pz, we -- 
have &Z/x/&) < 6(pz). Also, by (2.1) and (2.2), 
a*& (a”cF = 
Hence 
S, = 0(5(k) pl-‘z&z)). (3.4) 
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Further, we have by (2.3) and (2.9), 
s3 = 1 I”@) = c CL(~) c 1 = MPZ) c T(kw 
b<m b<oz a&p n<o-’ 
a%p-r 
= O(MPZ> P-‘aw = O(PZS(P4 P-‘&w 
= 0( i(k) pl-*zS(pz)). 
Hence by (3.2), (3.3), (3.4), and (3..5), 
Qdx> = +ff + 0(<(k) ,~l-~zS(pz)) + O(pl-““z). 
Now, we choose 
and write 
p = p(x) = {s(xlq}l~f, 
f(x) = los”~“(x’~“‘)(log log(xl~2~)}-1~s 
1 
( 1 
3/5 
=2r 
w/y v - log 2r)-115, 
where U = log x and V = log log x. 
For V > 2 log 2r, that is, V 2 4r2, x > exp(4r2), 
we have V--lj5 < (V - log 2r)-1/s < ( V/2)“15, and therefore 
~r-3/5U3/6V--1/5 <f(x) < r-3/5~3/~V-1/s. 
(3.5) 
(34 
(3.7) 
(3.8) 
(3.9) 
(3.10) 
We assume without loss of generality that the constant A in (2.4) is less 
than 1. (3.11) 
By (3.7), (2.4), and (3.8), we have 
P = exp I-- $fH/. (3.12) 
By (3.9), we have r--8J6U3/6V-1/s < U/2r. 
Hence by (3.10), (3.1 I), (3.12), and the above, 
p > exp{--Ar-81SU3/SV--1/5} > exp{-r-3/5U3/SV-l/S) 
3 exp ($-) = exp (- *), 
SO that p > x-1/2~ and pz > ~112~. 
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Since 6(x) is monotonic decreasing, 6(pz) < &Y2+) = p?, by (3.7). 
Hence by (3.10) and (3.12), we have 
pl-Q(pz) < p < exp - 4 r-a/5U3/5Y-1/5/. 
I 
(3.13) 
Since k >, r + 1, we have by (3.13) that the first O-term in (3.6) is 
0 (<(r + 1) x1/r exp I- +- r-8i5U3/5V--115/) 
= 0 (x1/? exp I-- 4 r-~~5U3~5V--1~5~), uniformly in k 
= 0 (xlir exp I--- 2(rA+ 1) ~-8~5U8~5V-1~5)/, since r > 1 
= O(xlIT exp{-BU3/5V-1/5}), uniformly in k, 
where B = B, = Ar-8/5/2(r + 1). 
Again, since k > r + 1, the second O-term in (3.6) is 
o(p/w+l)Z) = O(/)ll'r+lq 
z.zz 0 (x1/? exp I-- 2(rA+ 1) r-8~50.3”V-1~5~), 
by (3.12) and (3.10) 
= 0(x1/’ exp{-BU3/5V-1/5}). 
Hence by (3.6) and (1.2), Theorem 3.1 follows. 
THEOREM 3.2. Zf the Riemann hypothesis is true and A,,,(x) is defined 
by (1.2), then for x 3 3, 
Ad4 = 06 (2+3u(k))/(2r+l+2rv(~c))W(X)), (3.14) 
uniformly in k, where w(x) is given by (2.7) and v(k) is the function which 
appears in (2.10). 
Proof. Following the same procedure adopted in the proof of Theo- 
rem 3.1, using (2.8), (2.6), and (2.10) instead of (2.5), (2.3), and (2.9), we 
have 
s 
1 
= XC(k) 5(r> + 0(5(k) ~~‘~-~z~‘~w(pz)) 
+ 5 (&) xl’k bgz g + O(p’-‘“‘k’Z). (3.15) 
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By partial summation and (2.6), we have 
bgj$i = wz)1’2-7 4pzh 
so that the second term in (3.15) is 0(p1/2-7/V/2~(pz)) = 0(p1/2-7z1/20(pz)), 
since k > 1 and 0 < p < 1. Hence by (3.15), 
S 1 = +$ + 0(5(k) p1/2--r~1/2~(p~)) + O(,+“‘“‘z). (3.16) 
We can similarly show as in the proof of Theorem 3.1, by making use of 
(2.6) instead of (2.3), that both S, and S, are 0(<(k) p1/2-11~~~(pz)). 
Hence by (1.2), (3.2), (3.16), and the above, we have 
A,,,(x) = 0(<(k) p1/2-r~“2~(p~)) + O(pl-T”(kl~). (3.17) 
Since k >, r + 1, we have t(k) < & + 1). Since w(x) is monotonic 
increasing and pz < z, we have w(pz) < o(z) = w(xlip) < o(x). Hence 
A,,,(x) = O(p'/2-~Z%t(X)) + OffP"(k)Z), (3.18) 
uniformly in k. 
Now, choosing p = ~-1/(2~+1+27v(k)), we see that plP--Tz1/2 = $-vu(k) = 
x(2+3v(k))l(2r+1+21v(k)). Hence by (3.18), Theorem 3.2 follows. 
COROLLARY 3.1. If the Riemann hypothesis is true, then for x 2 3, 
Ak,?G) = ax (4k+18)/14rk+14r+2k+6)u(X))~ (3.19) 
Proof. By (2.1 l), we have v(k) 6 2/(2k + 5), so that 
2 + 349 4k+ 16 
2r + 1 + 2rv(k) ’ 4rk + 14r + 2k + 5 * 
Hence Corollary 3.1 follows by (3.14). 
COROLLARY 3.2. If the Riemann hypothesis is true and A,(x) is de$ned 
by (I.I), thenfir x 3 3. 
A,(x) = O(X~/'~'+%(X)), (3.20) 
where w(x) is giuen by (2.7). 
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Proof. We have when k + CO, u(k) -+ 0 by (2.11) (see also Remark 2.1); 
so that by (3.14), 
A,(x) = A,,,(x) = o(x2~(2~+l)co(x)). 
Remark 3.1. We note that this is an improvement over the result of 
A. Axer [l], who proved that d,(x) = O(X~/(~~+~)+~), for every E > 0. 
THEOREM 3.3. If the Riemann hypothesis is true and Ak,,.(x), A;,,(x) 
are defined by (1.2), (1.4), then for x 2 3, 
A;,,(x) - xA&) = O(X~+~~“W(X)) or o(xl+3~(4r+lko(x)), (3.21) 
according as k < (4r + 1)/3 or k > (4r + 1)/3. 
Proof. We have by (2.13) and (1. I), 
so that by (1.2), 
4,,(x) = oWk) + 1 A, (+). (3.22) 
n& 
Also, by (2.14) and (1.3), 
so that by (1.4), 
A; &x) = O(xl+llk) + C nkA.‘(x/nk). (3.23) 
k- n&/r 
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Hence by (3.22), (3.23), (2.15), and Remark 2.2, 
The second O-term in the above is O(~~+~lf”w(x)) or O(X~+~/@~+%J(X)), 
according as k < (4r + 1)/3 or k > (4r + 1)/3. In fact, if k = (4r + 1)/3, 
we get w(x) log x in place of w(x) above. But, 
W(X) log x = exp(A log x(log log x)-l} log x 
= O(exp{A’ log x(log log x)-l}), 
for some constant A’ > A. 
Hence Theorem 3.3 follows. 
THEOREM 3.4. If the Riemann hypothesis is true and Ak,r(~) is defined 
by (1.2), then for x >, 3, 
$I% Ak&) dt = O(X~~*W(X)) or O(X3/(4r+1)~(x)), (3.24) 
1 
according as k < (4r + 1)/3 or k > (4r + 1)(3. 
Proof. By partial summation and (1.2), 
Q;,r(x) = c qk,,@b = xQ&> - Jls Qk.#> dt 
n<z 
= s + A,,,(x) - /Is 1% + ‘b&l dt 
x35(k) 
= 5(r) + Xbc,,(x) - z + o(1) - j’ A,,&) dt 
1 
= s + xA&x) - j-z A,,,(t) dt + O(l), 
1 
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so that by (1.4), 
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Hence Theorem 3.4 follows by Theorem 3.3. 
In conclusion, we would like to make the following conjecture in view 
of (3.24) on the order of d,,,(x): if the Riemann hypothesis is true, then 
d&x) = O(Sk+e) or O(X~/(*~+~)+~) for every E > 0, according as 
k < (4r + 1)/3 or k > (4r + 1)/3. In particular, it is reasonable to expect 
that A,,,(x) = O(X~/~+-~) for every k > 2, k being finite or infinite. 
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